Abstract. We prove that there is no positive measure da on (a, b) such that the corresponding Gauss-Kronrod quadrature formula is also a Chebyshev quadrature formula. The same is true if we consider measures of the form do(t) = a(t)dt, where w(t) is even, on a symmetric interval (-a, a), and the Gauss-Kronrod formula is required to have equal weights only for n even. We also show that the only positive and even measure da(t) = da(-t) on (-1, 1) for which the Gauss-Kronrod formula has all weights equal if n -1, or has the form /I, f(t)da(t) = w J^., /(t") + to,/(l) + w ££=2 fil») + wi/(-l) + R%(f) for all n > 2, is the Chebyshev measure of the first kind doc(t) = (\ -t2)-ll2dt.
Introduction
Let da be a positive measure on the interval (a, b), whose moments all exist, rb :i.i) Pi = t'do(t)< oo, i = 0,1,2,
Ja
The Gauss-Kronrod quadrature formula for da has the form (1.2) f fit)dait) = J2avfixv) + ¿2a;fir;) + RUf), Ja u=l u=l where tu -v"' are the zeros of the «th-degree (monic) orthogonal polynomial ftn(-) = itnim ', da), and the t* = t^("' , av = a^ , and a* = a*^ are determined such that (1.2) has maximum degree of exactness (at least) 3« + 1, i.e., Rn(f) -0 f°r all / e IPWi • Then the t* must be the zeros of a (monic) polynomial it*n+\i') = 7^+i(•; da), called the Stieltjes polynomial, which satisfies the orthogonality condition (1.3) f Ttnit)n*"+lit)tidait) = 0, i = 0, 1,... , n, Ja that is, 7i*+1 is orthogonal to all polynomials of lower degree with respect to the oscillatory measure da*it) = nnit)dait) on (a, b). It can be shown that 7T*+1 is uniquely defined by (1.3) (see [1, §4] ). However, since da* changes sign on ia,b), the reality of the t* cannot in general be assumed. is called a Chebyshev quadrature rule, if the nodes tk = tk are real and if (1.4) has degree of exactness (at least) n. By setting fit) = 1 in (1.4), we find, in view of (1.5),
(1.6) w; = -, 1=1,2,...,«.
n It is well known that the only equally weighted (for all n ) Gauss formula is the one relative to the Chebyshev measure of the first kind, doc(t) = (1 -t2)~xl2dt on (-1,1) (see, e.g., [2, §4] ). If the Gauss formula has the equicoefficient property only for n even, then among the positive measures of the form da(t) = oe(t)dt, where co(t) is even, with symmetric support, the only one admitting such a formula is, up to a linear transformation,
(see [3, §6] ).
The only Gauss-Kronrod formula known, which is almost of Chebyshev type, is the one relative to the Chebyshev measure of the first kind,
(see, e.g., [6, equation (43)]). Incidentally, the second formula in (1.8) is the same as the Gauss-Lobatto formula for doc(t) = (1 -t2)~x/2dt with 2« + 1 points, hence it has elevated degree of exactness 4« -1. Equally-weighted quadrature rules are useful in practice because they minimize the effect of random errors in the values of f(t¡) in (1.4). Therefore, it is interesting to examine if there are positive measures admitting GaussKronrod formulae of Chebyshev type. In the next section we show that such measures do not exist. This is also the case if we consider measures of the form da(t) = oj(t)dt, where oe(t) is even, with symmetric support, and the GaussKronrod formula is required to have equal weights only for n even. Naturally, one then wonders if there are at least other Gauss-Kronrod formulae of the form (1.8). In §3, we prove that the only positive and even measure da(t) = da(-t) on (-1,1), which gives rise to a Gauss-Kronrod formula of the type (1.8), is doc(t) = (1 -t2)~xl2dt. In both sections we follow the technique used by Geronimus [4, 5] to show that the only Gauss formula of Chebyshev type is the one relative to the Chebyshev measure of the first kind.
Nonexistence of Gauss-Kronrod quadrature formulae of Chebyshev type
It is known that for any positive measure da on (a, b) the respective (monic) orthogonal polynomials {n¡(';da)} satisfy a three-term recurrence relation of the form
where the recursion coefficients a, = a¡(da) and ßi = ßi(da) are given by the formulae
ßi o= / doit), These, together with (2.3) and (2.5), imply (2.4). D
We can now prove our main result. This contradicts the fact that /?3 > 0. D
The negative result of Theorem 2.2 leads us to explore the possibility of having Gauss-Kronrod formulae with equal weights only for n even. We restrict our search among the positive measures of the type doit) = co(t)dt, where oe(t) is even, with symmetric support (-a, a) . Thus, we want (1.2) to have the form Since da is an even measure with symmetric support, using orthogonality and (1.
3), one easily shows by uniqueness that nn and n*+l are always either even or odd depending on the parity of n , that is, that is, for all n > 2 two of the zeros of n*n+l are ±1, and all the weights are equal except those corresponding to the nodes at ± 1. The existence of quadrature formulae of this kind is described in the following: Theorem 3.1. The only positive and even measure da on (-1, 1) for which the Gauss-Kronrod quadrature formula has the form (3.5) is the Chebyshev measure of the first kind doc(t) = (1 -t2)-x/2dt. Proof. We proceed along the lines of the proof of Theorem 2.2. Assume that for the positive and even measure do on (-1, 1) the Gauss-Kronrod formula is of the type (3.5). First, (3.1) implies that mi = pi/po = 0. Then from (2.13) we find (3.6) ßx =m\, where m\ = p2/po, and for n = 1, as in the proof of Theorem 2.2 (cf.
(2.14)), we get (3.7) ß2 = im2.
If n > 2, since do is an even measure with symmetric support, the t" and t* in the second formula in (3.5) are symmetric with respect to the origin. Also, this formula is exact for f(t) = 1 and fit) = t2 ; hence we obtain, after setting Moreover, from (2.11) and (3.2) we have (3.11) P2n+l(t) = t2n+X -h^ft + ßn + ßn+lj t2n~X +■■■.
By equating the coefficients of t2n~x , we derive the equation n-l (3.12) 2Yft + ßn + ßn+i = {n + c-{)m22 + l-c, n>2. i=i Applying (3.12) for two successive values of n , and then subtracting the two equations, we get (3.13) ßn + ß"+2 = m22, n>2, which, by means of (3.7), gives (3.14) ß2j = \m22, j=l,2,.... Now using (1.3) with i = 2,3, (2.1), and orthogonality, we find, after a lengthy but straightforward computation, that c2 and c3 in (2.5), when da is an even measure, are given by Then from (2.5), (2.6), (3.15), and (2.1) we get analytic expressions for 713
and nl' (3 16 ) ^(t) = ti-(ßi+ßi + ß3)t, n*4(t) = t*-(ßi + ß2 + ßi + ß4)t2 + ßlßl + ßlßA + ßlß4 -ß4ß5-Since 7r|(±l) = 0 and n^(±1) = 0, we obtain the equations (3 171 l-(ft+ßz + ß3) = 0> l-(ßl+ß2 + ß, + ß*) + ßxßl + ßlßA + ßlßA -ßtßs = 0.
These, together with (cf. (3.6) and (3.14)), yield 
